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Abstract

Let wlðxÞ :¼ ð1� x2Þl�1=2 and P
ðlÞ
n be the ultraspherical polynomials with respect to wlðxÞ:

Then we denote E
ðlÞ
nþ1 the Stieltjes polynomials with respect to wlðxÞ satisfyingZ 1

�1

wlðxÞPðlÞ
n ðxÞEðlÞ

nþ1ðxÞxm dx
¼ 0; 0pmon þ 1;

a0; m ¼ n þ 1:

�

In this paper, we give estimates for the first and second derivatives of the Stieltjes polynomials

E
ðlÞ
nþ1 and the product E

ðlÞ
nþ1P

ðlÞ
n by obtaining the asymptotic differential relations. Moreover,

using these differential relations we estimate the second derivatives of E
ðlÞ
nþ1ðxÞ and

E
ðlÞ
nþ1ðxÞP

ðlÞ
n ðxÞ at the zeros of E

ðlÞ
nþ1ðxÞ and the product E

ðlÞ
nþ1ðxÞP

ðlÞ
n ðxÞ; respectively.
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1. Introduction

In 1894, Stieltjes introduced a remarkable polynomial sequence fEnþ1ðxÞg which
satisfies the orthogonality relationZ 1

�1

PnðxÞEnþ1ðxÞxk dx ¼ 0; k ¼ 0; 1; 2;y; n;

ARTICLE IN PRESS

E-mail address: hsjung@jacobi.kaist.ac.kr.

0021-9045/$ - see front matter r 2004 Elsevier Inc. All rights reserved.

doi:10.1016/j.jat.2004.02.004



where PnðxÞ is the nth degree Legendre polynomial. Stieltjes made the conjecture
that the zeros of Enþ1ðxÞ should all be in ð�1; 1Þ and should alternate with those of
PnðxÞ: In 1934, Szego+ generalized the problem to integrals with a weight function of

the form wlðxÞ ¼ ð1� x2Þl�1=2; l4� 1=2 and showed that the zeros of the

generalized Stieltjes polynomials E
ðlÞ
nþ1ðxÞ; satisfying the orthogonality

Z 1

�1

wlðxÞPðlÞ
n ðxÞEðlÞ

nþ1ðxÞxk dx ¼ 0; k ¼ 0; 1; 2;y; n;

where P
ðlÞ
n ðxÞ is the nth degree polynomial orthogonal in ð�1; 1Þ with respect to

wlðxÞ; are also in ð�1; 1Þ and interlace with those of P
ðlÞ
n ðxÞ whenever 0olp2:

After Szego+’s works, in 1964 Kronrod introduced the so called Gauss–Kronrod
quadrature formulas,

Z 1

�1

wlðxÞf ðxÞ dx ¼
Xn

n¼1

AGK
n;n f ðxðlÞ

n;nÞ þ
Xnþ1

m¼1

BGK
m;nþ1f ðxðlÞm;nþ1Þ þ RGK

2nþ1ð f Þ

for estimating the error of the Gaussian quadrature formula and in 1970 Barrucand
[1] observed that the zeros of Stieltjes polynomials are precisely the additional nodes

xðlÞ1;nþ1;y; xðlÞnþ1;nþ1 of Gauss–Kronrod quadrature formulas. This induced a lot

further study of Stieltjes polynomials and Gauss–Kronrod quadrature formulas.
These days, Gauss–Kronrod formulas are used extensively in the numerical
integration software(cf. e.g. [16,21]). There are the exhaustive surveys of Gautschi
[8] and Monegato [13,15], for the precise definition of Gauss–Kronrod quadrature
formulas and an overview about their connection to Stieltjes polynomials.

Recently, several authors [3,5,6,9,18] studied further interesting properties for
these Stieltjes polynomials. Ehrich [3] investigated asymptotic representations for

E
ðlÞ
nþ1 and E

ðlÞ
nþ1

0ð0plp1Þ on closed subsets of ð�1; 1Þ and Ehrich and Mastroianni

[5,6] gave accurate pointwise bounds of the Stieltjes polynomials E
ðlÞ
nþ1ð0plp1Þ on

½�1; 1
 so that they proved that the Lagrange interpolatory process is optimal in the
sense that nth Lebesgue constant Blog n: Several of the problems stated in the
survey papers [8,13,15] has been solved in the meantime as is recorded in [4,17,19]
not yet covering the recent surprising result [20]. Nevertheless, many questions still
remain to be answered. In this paper, we find the asymptotic differential relations of

the first and the second order for the Stieltjes polynomials E
ðlÞ
nþ1ðxÞð0plp1Þ

and the product F
ðlÞ
2nþ1 :¼ E

ðlÞ
nþ1ðxÞP

ðlÞ
n ðxÞð0plp1Þ: Using these relations, we obtain

pointwise upper bounds of E
ðlÞ
nþ1

0ðxÞ; E
ðlÞ
nþ1

00ðxÞ; F
ðlÞ
2nþ1

0ðxÞ; and F
ðlÞ
2nþ1

00ðxÞ: We also

estimate the value of E
ðlÞ
nþ1

00ðxÞ and F
ðlÞ
2nþ1

00ðxÞ at the zeros of E
ðlÞ
nþ1ðxÞ and F

ðlÞ
nþ1ðxÞ;

respectively. Moreover, these estimates play important roles in proving that
the Lebesgue constants of Hermite–Fejér interpolatory process are optimal
ðBOð1ÞÞ(see [12]).
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2. Main results

We first introduce some notations, which we use in the following.

For the ultraspherical polynomials P
ðlÞ
n ; la0; we use the normalization P

ðlÞ
n ð1Þ ¼

ð n þ 2l� 1
n

Þ ¼ Oðn2l�1Þ: A representation of Stieltjes polynomials E
ðlÞ
nþ1ðxÞ is (cf.

[15,22])

gðlÞn

2
E

ðlÞ
nþ1ðcos yÞ ¼ aðlÞ0;ncosðn þ 1Þyþ aðlÞ1;n cosðn � 1Þy

þ?þ
aðlÞn
2
;n
cos y; n even;

1
2
aðlÞnþ1

2
;n
; n odd;

8><
>: ð2:1Þ

where

aðlÞ0;n ¼ f
ðlÞ
0;n ¼ 1;

Xn
m¼0

aðlÞm;nf ðlÞ
n�m;n ¼ 0; n ¼ 1; 2;y; ð2:2Þ

f ðlÞ
n;n :¼ 1� l

n

� 	
1� l

n þ nþ l

� 	
f
ðlÞ
n�1;n; n ¼ 1; 2;y ð2:3Þ

and

gðlÞn ¼
ffiffiffi
p

p Gðn þ 2lÞ
Gðn þ lþ 1ÞB

ffiffiffi
p

p
nl�1: ð2:4Þ

We denote the zeros of P
ðlÞ
n by x

ðlÞ
n;n ¼ cos fðlÞ

n;n ; n ¼ 1;y; n; and the zeros of Stieltjes

polynomials E
ðlÞ
nþ1 by xðlÞm;nþ1 ¼ cos yðlÞm;nþ1; m ¼ 1;y; n þ 1: We denote the zeros of

F
ðlÞ
2nþ1 :¼ P

ðlÞ
n E

ðlÞ
nþ1 by y

ðlÞ
n;2nþ1 ¼ cos cðlÞ

n;2nþ1; n ¼ 1;y; 2n þ 1: All nodes are ordered by

increasing magnitude. We set jðxÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
and for any two sequences fbngn and

fcngn of nonzero real numbers(or functions), we write bntcn; if there exists a

constant C40; independent of n (and x) such that bnpCcn for n large enough and
write bnBcn if bntcn and cntbn: We denote by Pn the space of polynomials of
degree at most n:

Ehrich and Mastroianni [5] proved that for m ¼ 0; 1;y; n þ 2 and n ¼
0; 1;y; 2n þ 2

jyðlÞm;nþ1 � yðlÞmþ1;nþ1jBjcðlÞ
n;2nþ1 � cðlÞ

nþ1;2nþ1jBn�1; ð2:5Þ

where cðlÞ
0;2nþ1 :¼ yðlÞ0;nþ1 :¼ p and cðlÞ

2nþ2;2nþ1 :¼ yðlÞnþ2;nþ1 :¼ 0: Also, they obtained

precise upper bounds of the Stieltjes polynomials E
ðlÞ
nþ1ðxÞ such as:
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Proposition 2.1 (Ehrich and Mastroianni [5, Theorem 2.1]). Let 0olo1: Then for

nX0;

jEðlÞ
nþ1ðxÞjtn1�lj1�lðxÞ þ 1 � 1pxp1: ð2:6Þ

Furthermore, E
ðlÞ
nþ1ð1Þ\1:

The associated sin-polynomial is defined by

gðlÞn

2
eðlÞn ðyÞ ¼ aðlÞ0;n sinðn þ 1Þyþ aðlÞ1;n sinðn � 1Þy

þ?þ
aðlÞn
2
�1;n

sin 3yþ aðlÞn
2
;n
sin y; n even;

aðlÞn�1
2

;n
sin 2y; n odd

8><
>: ð2:7Þ

and is important in connection with polynomials G
ðlÞ
n considered by Geronimus (cf.

[10,15,18,22]). The connection is (cf. [18,22])

sin yGðlÞ
n ðcos yÞ ¼ eðlÞn ðyÞ:

First, we state the asymptotic differential relations of the first order for E
ðlÞ
nþ1ðcos yÞ

and e
ðlÞ
n ðyÞ:

Proposition 2.2. Let 0olo1: Then for 0pypp;
d

dy
E

ðlÞ
nþ1ðcos yÞ ¼ �ðn þ 1ÞeðlÞn ðyÞ þ p1ðyÞ ð2:8Þ

and

d

dy
eðlÞn ðyÞ ¼ ðn þ 1ÞEðlÞ

nþ1ðcos yÞ þ p2ðyÞ; ð2:9Þ

where p̃1ðxÞ :¼ p1ðyÞ=sin yAPn�2; p̃2ðxÞ :¼ p2ðyÞAPn�1 ðx ¼ cos yÞ; and satisfy that

max
0pypp

fjp1ðyÞj; jp2ðyÞjgtn: ð2:10Þ

If we restate (2.8) by G
ðlÞ
n ðxÞ; then

d

dx
E

ðlÞ
nþ1ðxÞ ¼ ðn þ 1ÞGðlÞ

n ðxÞ � p̃1ðxÞ;

where p̃1ðxÞAPn�2 and satisfies jp̃1ðxÞjtn=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
on ð�1þ 1=n; 1� 1=nÞ and

jp̃1ðxÞjtn2 on ð�1;�1þ 1=n
,½1� 1=n; 1Þ:
In the following, we state the asymptotic differential relation of the second order

of E
ðlÞ
nþ1:

Proposition 2.3. Let 0olo1: Then for all xA½�1; 1
;
ð1� x2ÞEðlÞ

nþ1
00ðxÞ � xE

ðlÞ
nþ1

0ðxÞ þ ðn þ 1Þ2E
ðlÞ
nþ1ðxÞ ¼ InðxÞ; ð2:11Þ
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where InAPn�1 and satisfies that

max
xA½�1;1


jInðxÞjtn2: ð2:12Þ

The form of the left-hand side in (2.11) is the second-order differential form for

Chebyshev polynomials so that the Stieltjes polynomials E
ðlÞ
nþ1 can be treated

similarly to Chebyshev polynomials with the error terms InðxÞ:
Next, using Propositions 2.2 and 2.3, we obtain bounds of the associated sin-

polynomial e
ðlÞ
n ðyÞ:

Theorem 2.4. Let 0olo1: Then, for all yA½0; p
;

jeðlÞn ðyÞjtn1�lj1�lðcos yÞ þ 1: ð2:13Þ

From Propositions 2.2, 2.3, and Theorem 2.4, we can obtain bounds of the first

and second derivatives of E
ðlÞ
nþ1:

Theorem 2.5. Let 0olo1: ðaÞ For all xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
;

jEðlÞ
nþ1

0ðxÞjtn2�lj�lðxÞ: ð2:14Þ

Moreover, we have for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1
;

jEðlÞ
nþ1

0ðxÞjBn2: ð2:15Þ

ðbÞ For all xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
;

jEðlÞ
nþ1

00ðxÞjtn3�lj�1�lðxÞ: ð2:16Þ

Moreover, we have for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1
;

jEðlÞ
nþ1

00ðxÞjBn4: ð2:17Þ

Inequalities (2.14) for E
ðlÞ
nþ1

0ðxÞ are given for the first time in the paper of

Monegato [14] and can be obtained for interval of the form ½�1þ e; 1� e
; e40 by

the asymptotic relation for the first derivative of E
ðlÞ
nþ1ðxÞ given in [3, Theorem].

We also obtain the asymptotic differential relations of the second order for

F
ðlÞ
2nþ1ðxÞ:

Corollary 2.6. Let 0olo1: Then for all xA½�1; 1
;
ð1� x2ÞF ðlÞ

2nþ1
00ðxÞ � xF

ðlÞ
2nþ1

0ðxÞ þ ð2n2 þ 2ð1þ lÞn þ 1ÞF ðlÞ
2nþ1ðxÞ ¼ JnðxÞ;

ð2:18Þ
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where JnðxÞAP2nþ1 and satisfies that for xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1


jJnðxÞjtn2j1�2lðxÞ ð2:19Þ

and for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1


jJnðxÞjtn1þ2l:

Corollary 2.7. Let 0olo1: ðaÞ For all xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
;

jF ðlÞ
2nþ1

0ðxÞjtnj�2lðxÞ: ð2:20Þ

Moreover, we have for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1
;

jF ðlÞ
2nþ1

0ðxÞjBn1þ2l: ð2:21Þ

ðbÞ For all xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
;

jF ðlÞ
2nþ1

00ðxÞjtn2j�1�2lðxÞ: ð2:22Þ

Moreover, we have for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1
;

jF ðlÞ
2nþ1

00ðxÞjBn3þ2l: ð2:23Þ

For ½�1þ e; 1� e
; e40 inequalities (2.20) can be also obtained by the asymptotic
representations in [3, Theorem].

For the first derivatives, the following results are obtained in [5, Lemma 5.5].

Proposition 2.8 (Ehrich and Mastroianni [5, Lemma 5.5]). Let 0olo1: Then for

m ¼ 1; 2;y; n þ 1;

jEðlÞ
nþ1

0ðxðlÞm;nþ1ÞjBn2�lj�lðxðlÞm;nþ1Þ ð2:24Þ

and for n ¼ 1; 2;y; 2n þ 1;

jF ðlÞ
2nþ1

0ðyðlÞ
n;2nþ1ÞjBnj�2lðyðlÞ

n;2nþ1Þ: ð2:25Þ

We now estimate the second derivatives at the zeros of E
ðlÞ
nþ1 and F

ðlÞ
2nþ1:

Theorem 2.9. Let 0olo1: Then for m ¼ 1; 2;y; n þ 1;

jEðlÞ
nþ1

00ðxðlÞm;nþ1Þjtn2j�2ðxðlÞm;nþ1Þ ð2:26Þ

and for n ¼ 1; 2;y; 2n þ 1;

jF ðlÞ
2nþ1

00ðyðlÞ
n;2nþ1Þjtn1þlj�2�lðyðlÞ

n;2nþ1Þ: ð2:27Þ
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Considering (2.16) and (2.22), estimates (2.26) and (2.27) are remarkable. In fact,
(2.26) and (2.27) play key roles in proving that the Lebesgue constant of Hermite–
Fejér interpolation operators are optimal(see [12]), i.e. for 0olo1

jjHnþ1jj :¼ sup
jj f jj

N
¼1

jjHnþ1½ f 
jj
N

¼ Oð1Þ;

and for 0olp1=2

jjH2nþ1jj :¼ sup
jj f jj

N
¼1

jjH2nþ1½ f 
jj
N

¼ Oð1Þ;

where Hn½ f 
 and H2nþ1½ f 
 are the Hermite–Fejér interpolation polynomials of a

continuous function f on ½�1; 1
 based at the zeros of E
ðlÞ
nþ1 and F

ðlÞ
2nþ1; respectively.

3. The proofs

First note that the cases l ¼ 0 and 1 are considered as

E
ð0Þ
nþ1ðxÞ ¼

2n

p
ðTnþ1ðxÞ � Tn�1ðxÞÞ;

E
ð1Þ
nþ1ðxÞ ¼

2

p
Tnþ1ðxÞ

so that in these cases, the results are well known or can be deduced directly.
Therefore, in this paper we consider only the case of 0olo1: In the following, we

recall several facts from [22]. Let Q
ðlÞ
n be the ultraspherical function of the second

kind, defined by

ð1� y2Þl�1=2
QðlÞ

n ðyÞ ¼ 1

2

Gð2lÞ
Gðlþ 1=2Þ

Z 1

�1

ð1� t2Þl�1=2 P
ðlÞ
n ðtÞ

y � t
dt

for ye½�1; 1
; l4� 1=2: For xA½�1; 1
; Q
ðlÞ
n ðxÞ is defined by Szego+ [23, (4.62.9)], or

equivalently, by a Cauchy principal value integrals,

ð1� x2Þl�1=2
QðlÞ

n ðxÞ ¼ 1

2

Gð2lÞ
Gðlþ 1=2ÞPV

Z 1

�1

ð1� t2Þl�1=2 P
ðlÞ
n ðtÞ

x � t
dt:

In fact, f
ðlÞ
n;n defined in (2.3) are the coefficients in the expansion (cf. [22, p. 533]) for

0oyop;

gðlÞn

XN
n¼0

fne
�iðnþ1þ2nÞy ¼ sin2l�1y QðlÞ

n ðcos yÞ � i
p
2

Gð2lÞ
Gðlþ 1=2Þ PðlÞ

n ðcos yÞ
� 	

ð3:1Þ

and from the recurrence relation (2.2), we have for 0oyop

eiðnþ1Þy
XN
n¼0

aðlÞn;ne�2iny

 ! XN
n¼0

fne
�iðnþ1þ2nÞy

 !
¼ 1: ð3:2Þ
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On the other hand, Szego+ [22, p. 509] proved that

aðlÞ1;noaðlÞ2;noaðlÞ3;no?o0 and 0p
XN
n¼0

aðlÞn;no1: ð3:3Þ

For convenience, we consider n even because the case of odd n can be treated
analogously and let m :¼ n=2:

The following two lemmas play an important role in proving the results.

Lemma 3.1 (Ehrich and Mastroianni [5, Lemma 5.1]). Let 0olo1: Then for given

nAN;

Xm

n¼0

aðlÞn;nBnl�1: ð3:4Þ

Lemma 3.2 (Ehrich and Mastroianni [5, Lemma 5.2]). Let 0olo1: Then for every

kpm;

jaðlÞ1;n þ 2aðlÞ2;n þ 3aðlÞ3;n þ?þ kaðlÞk;njp
12

5

� 	l Gð2� lÞ
l

kl: ð3:5Þ

Proof of Proposition 2.2. From (2.1) and (2.7),

d

dy
E

ðlÞ
nþ1ðcos yÞ ¼

d

dy
2

gðlÞn

Re
Xm

n¼0

aðlÞn;neiðnþ1�2nÞy

( ) !

¼ � 2

gðlÞn

Im
Xm

n¼0

ðn þ 1� 2nÞaðlÞn;neiðnþ1�2nÞy

( )

¼� 2

gðlÞn

ðn þ 1ÞIm
Xm

n¼0

aðlÞn;neiðnþ1�2nÞy

( )
þ 4

gðlÞn

Im
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )

¼ � ðn þ 1ÞeðlÞn ðyÞ þ 4

gðlÞn

Im
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )
:

If we let

p1ðyÞ :¼
4

gðlÞn

Im
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )
;

then for x ¼ cos y;

p1ðyÞ=sin y ¼ 4

gðlÞn

Xm

n¼1

naðlÞn;nUn�2nðxÞ;
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where Un is the first kind Chebyshev polynomial, so that p1ðyÞ=sin yAPn�2 for x ¼
cos y and by (2.4) and (3.5),

jp1ðyÞjp� 4

gðlÞn

Xm

n¼1

naðlÞn;ntn:

Similarly, by (2.1) and (2.7),

d

dy
eðlÞn ðyÞ ¼ ðn þ 1ÞEðlÞ

nþ1ðcos yÞ �
4

gðlÞn

Re
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )
:

If we let

p2ðyÞ :¼ � 4

gðlÞn

Re
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )
;

then p2ðyÞAPn�1 for x ¼ cos y and by (2.4) and (3.5),

jp2ðyÞjp� 4

gðlÞn

Xm

n¼1

naðlÞn;ntn: &

Proof of Proposition 2.3. Since

E
ðlÞ
nþ1

00ðxÞ ¼ � 1

sin y
d

dy
� 1

sin y
d

dy
E

ðlÞ
nþ1ðcos yÞ

� 	

¼
ðEðlÞ

nþ1ðcos yÞÞy00sin y� cos yðEðlÞ
nþ1ðcos yÞÞy0

sin3 y

¼ 1

1� x2
½ðEðlÞ

nþ1ðcos yÞÞy00 þ xE
ðlÞ
nþ1

0ðxÞ


and

E
ðlÞ
nþ1ðcos yÞ

� �
y

00¼ 2

gðlÞn

Re
Xm

n¼0

� ðn þ 1� 2nÞ2aðlÞn;neiðnþ1�2nÞy

( )

¼ � ðn þ 1Þ2 2

gðlÞn

Re
Xm

n¼0

aðlÞn;neiðnþ1�2nÞy

( )

þ ðn þ 1Þ 8

gðlÞn

Re
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )

� 8

gðlÞn

Re
Xm

n¼1

n2aðlÞn;neiðnþ1�2nÞy

( )
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¼ � ðn þ 1Þ2E
ðlÞ
nþ1ðcos yÞ þ ðn þ 1Þ 8

gðlÞn

Re
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )

� 8

gðlÞn

Re
Xm

n¼1

n2aðlÞn;neiðnþ1�2nÞy

( )
;

if we let

Inðcos yÞ :¼ðn þ 1Þ 8

gðlÞn

Re
Xm

n¼1

naðlÞn;neiðnþ1�2nÞy

( )

� 8

gðlÞn

Re
Xm

n¼1

n2aðlÞn;neiðnþ1�2nÞy

( )

then (2.11) is deduced and InðxÞAPn�1: Moreover, we have by (2.4) and (3.5),

jInðcos yÞjpðn þ 1Þ 8

gðlÞn

Xm

n¼1

� naðlÞn;n �
8

gðlÞn

Xm

n¼1

n2aðlÞn;ntn2: &

Proof of Theorem 2.4. First, we consider for 0pypfðlÞ
n;n: Let s

ðlÞ
n�1;nþ1 be the greatest

zero of E
ðlÞ
nþ1

00ðxÞ and let r
ðlÞ
n�1;nþ1 and r

ðlÞ
n;nþ1 be the greatest zeros of E

ðlÞ
nþ1

0ðxÞ with

r
ðlÞ
n�1;nþ1or

ðlÞ
n;nþ1: Then since r

ðlÞ
n�1;nþ1os

ðlÞ
n�1;nþ1or

ðlÞ
n;nþ1o1; for r

ðlÞ
n�1;nþ1pxp1

jEðlÞ
nþ1

0ðxÞjpmaxfjEðlÞ
nþ1

0ðsðlÞn�1;nþ1Þj; jE
ðlÞ
nþ1

0ð1Þjg:

By (2.11) and 1� s
ðlÞ
n�1;nþ1B1=n2; we have

jEðlÞ
nþ1

0ðsðlÞn�1;nþ1Þjp jInðsðlÞn�1;nþ1Þj þ ðn þ 1Þ2jEðlÞ
nþ1ðs

ðlÞ
n�1;nþ1Þj

t n2 þ ðn þ 1Þ2ðn1�lj1�lðsðlÞn�1;nþ1Þ þ 1Þ

t n2

and from [5, Lemma 5.3], we have jEðlÞ
nþ1

0ð1Þjtn2: Therefore, we have for

r
ðlÞ
n�1;nþ1pxp1

jEðlÞ
nþ1

0ðxÞjtn2:

Then since r
ðlÞ
n�1;nþ1oxðlÞn;nþ1ox

ðlÞ
n;noxðlÞn;nþ1o1; for 0pypfðlÞ

n;n by (2.5)

d

dy
E

ðlÞ
nþ1ðcos yÞ

����
����tn2 sin ytn

so that by (2.8) and (2.10) we have for yA½0;fðlÞ
n;n
,½fðlÞ

1;n; p
;

jeðlÞn ðyÞjp 1

n þ 1

d

dy
E

ðlÞ
nþ1ðcos yÞ

����
����þ jp1ðyÞj

n þ 1
t1: ð3:6Þ
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For fðlÞ
n;npypfðlÞ

1;n; it follows the proof of Theorem 2.1 in [6]. Let

Dnðy; lÞ :¼ sin2l y
2

p
Gðlþ 1=2Þ

Gð2lÞ QðlÞ
n ðcos yÞ

� �2
þ½PðlÞ

n ðcos yÞ
2
( )

; ð3:7Þ

then by Durand’s result [2] (cf. [6, (15)]), for fðlÞ
n;npypfðlÞ

1;n

4

p2

G2ðlþ 1=2Þ
G2ð2lÞ

sin2lfðlÞ
n;n½QðlÞ

n ðcos fðlÞ
n;nÞ


2oDnðy; lÞo
Gðn=2þ lÞ

GðlÞGðn=2þ 1Þ

� 	2

;

where cos fðlÞ
n;n ¼ x

ðlÞ
n;n is the largest zero of P

ðlÞ
n : If we let a

ðlÞ
n;n the Gaussian quadrature

weights in the ultraspherical case(cf. e.g. [11, p. 94]), then we have from the

representation of a
ðlÞ
n;n and a lower bound of a

ðlÞ
n;n in [7]

�
Q

ðlÞ
n ðcos fðlÞ

n;nÞsin2l�1fðlÞ
n;n

P
ðlÞ
n

0ðcos fðlÞ
n;nÞ

¼ 1

2

Gð2lÞ
Gðlþ 1=2Þ aðlÞ

n;n

X
1

2

Gð2lÞ
Gðlþ 1=2Þ

3l2 þ lþ 1=4

2ðlþ 1=2Þ2
p

n þ l
sin2l fðlÞ

n;n:

So, we have by (8.9.7) in [23]

jQðlÞ
n ðcos fðlÞ

n;nÞj\
sin fðlÞ

n;n

n
jPðlÞ

n
0ðcos fðlÞ

n;nÞjBn2l�1:

Therefore, we have for fðlÞ
n;npypfðlÞ

1;n

Dnðy; lÞBn2l�2: ð3:8Þ

Now, we have from (2.7),

jeðlÞn ðyÞj

p
2

gðlÞn

XN
n¼0

aðlÞn;n sinðn þ 1� 2nÞy
�����

�����þ
XN

n¼mþ1

aðlÞn;n sinðn þ 1� 2nÞy
�����

�����
 !

:

Then since by (3.1), (3.2), (3.8), and (7.33.5) in [23], for fðlÞ
n;npypfðlÞ

1;n

2

gðlÞn

XN
n¼0

aðlÞn;n sinðn þ 1� 2nÞy
�����

����� ¼ 4

p
Gðlþ 1=2Þ

Gð2lÞ
sin yP

ðlÞ
n ðcos yÞ

Dnðy; lÞ

�����
�����

t n2�2lnl�1j�lþ1ðxÞ ¼ n1�lj1�lðxÞ
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and by (3.3) and (3.4),

XN
n¼mþ1

aðlÞn;n sinðn þ 1� 2nÞy
�����

�����p�
XN

n¼mþ1

aðlÞn;np
Xm

n¼0

aðlÞn;n ¼ Oðnl�1Þ; ð3:9Þ

we have for fðlÞ
n;npypfðlÞ

1;n;

jeðlÞn ðyÞjtn1�lj1�lðxÞ þ 1tn1�lj1�lðxÞ: ð3:10Þ

Therefore, from (3.6) and (3.10) we have for 0pypp;

jeðlÞn ðyÞjtn1�lj1�lðxÞ þ 1: &

Proof of Theorem 2.5. (a) Since for 0oyop by (2.8), (2.10), and (2.13),

d

dy
E

ðlÞ
nþ1ðcos yÞ

����
����t ðn þ 1ÞjeðlÞn ðyÞj þ jp1ðyÞj

t n2�lj1�lðxÞ þ n;

we have for xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
;

jEðlÞ
nþ1

0ðxÞjtn2�lj�lðxÞ:

Therefore, we have (2.14). On the other hand, it was proved that jEðlÞ
nþ1

0ð1Þjtn2 in [5,

Lemma 5.3] and we will estimate the lower bound of jEðlÞ
nþ1

0ð1Þj: Since

E
ðlÞ
nþ1

0ðxÞ
E

ðlÞ
nþ1ðxÞ

¼
Xnþ1

i¼1

1

x � xðlÞi;nþ1

;

we have by (2.5)

E
ðlÞ
nþ1

0ð1Þ
E

ðlÞ
nþ1ð1Þ

¼
Xnþ1

i¼1

1

1� xðlÞi;nþ1

X
1

1� xðlÞnþ1;nþ1

Bn2:

So, we have by Proposition 2.1,

E
ðlÞ
nþ1

0ð1Þ\n2E
ðlÞ
nþ1ð1ÞBn2:

Therefore, we have E
ðlÞ
nþ1

0ð1ÞBn2: Since E
ðlÞ
nþ1

0ðxÞ is increasing on ½xðlÞnþ1;nþ1; 1
; we have

for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1
 by (2.5) and (2.24)

n2BjEðlÞ
nþ1

0ðxðlÞnþ1;nþ1ÞjpjEðlÞ
nþ1

0ðxÞjpjEðlÞ
nþ1

0ð1ÞjBn2:
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Therefore, we have (2.15).

(b) By (2.6), (2.11), (2.12), and (2.14), we have for xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
;

jEðlÞ
nþ1

00ðxÞjt 1

1� x2
ðn2jEðlÞ

nþ1ðxÞj þ jxjjEðlÞ
nþ1

0ðxÞj þ n2Þ

tj�2ðxÞðn3�lj1�lðxÞ þ n2�lj�lðxÞ þ n2Þ

t n3�lj�1�lðxÞ:

Therefore, (2.16) is proved. On the other hand, since by (2.5)

E
ðlÞ
nþ1

00ðxðlÞnþ1;nþ1Þ
E

ðlÞ
nþ1

0ðxðlÞnþ1;nþ1Þ
¼
Xn

i¼1

1

xðlÞnþ1;nþ1 � r
ðlÞ
i;nþ1

X
1

xðlÞnþ1;nþ1 � r
ðlÞ
n;nþ1

X
1

xðlÞnþ1;nþ1 � xðlÞn;nþ1

\n2;

we have by (2.24)

E
ðlÞ
nþ1

00ðxðlÞnþ1;nþ1Þ\n2E
ðlÞ
nþ1

0ðxðlÞnþ1;nþ1ÞBn4;

where r
ðlÞ
i;nþ1 are the zeros of E

ðlÞ
nþ1

0ðxÞ so that we have from (2.16)

jEðlÞ
nþ1

00ðxðlÞnþ1;nþ1ÞjBn4:

Since it was proved that E
ðlÞ
nþ1

00ð1Þtn4 in [5, Lemma 5.4], we estimate the lower

bound of E
ðlÞ
nþ1

00ð1Þ: Since by (2.5)

E
ðlÞ
nþ1

00ð1Þ
E

ðlÞ
nþ1

0ð1Þ
X

1

1� r
ðlÞ
n;nþ1

X
1

1� xðlÞn;nþ1

\n2;

we have

E
ðlÞ
nþ1

00ð1Þ\n2E
ðlÞ
nþ1

0ð1ÞBn4

so that we have E
ðlÞ
nþ1

00ð1ÞBn4: Here, since E
ðlÞ
nþ1

00ðxÞ is increasing on ½xðlÞnþ1;nþ1; 1
; we

have for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1
;

n4BjEðlÞ
nþ1

00ðxðlÞnþ1;nþ1ÞjpjEðlÞ
nþ1

00ðxÞjpjEðlÞ
nþ1

00ð1ÞjBn4:

Therefore, (2.17) is proved. &
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Proof of Corollary 2.6. By (2.11) and (4.2.1) in [23],

ð1� x2ÞF ðlÞ
2nþ1

00ðxÞ

¼ ð1� x2ÞEðlÞ
nþ1

00ðxÞPðlÞ
n ðxÞ þ 2ð1� x2ÞEðlÞ

nþ1
0ðxÞPðlÞ

n
0ðxÞ þ E

ðlÞ
nþ1ð1� x2ÞPðlÞ

n
00ðxÞ

¼ ð�ðn þ 1Þ2E
ðlÞ
nþ1ðxÞ þ xE

ðlÞ
nþ1

0ðxÞ þ InðxÞÞPðlÞ
n ðxÞ þ 2ð1� x2ÞEðlÞ

nþ1
0ðxÞPðlÞ

n
0ðxÞ

þ ðð2lþ 1ÞxPðlÞ
n

0ðxÞ � nðn þ 2lÞPðlÞ
n ðxÞÞEðlÞ

nþ1ðxÞ

¼ ð�ðn þ 1Þ2 � nðn þ 2lÞÞEðlÞ
nþ1ðxÞPðlÞ

n ðxÞ þ xðEðlÞ
nþ1

0ðxÞPðlÞ
n ðxÞ þ E

ðlÞ
nþ1ðxÞPðlÞ

n
0ðxÞÞ

þ 2lxPðlÞ
n

0ðxÞEðlÞ
nþ1ðxÞ þ 2ð1� x2ÞEðlÞ

nþ1
0ðxÞPðlÞ

n
0ðxÞ þ InðxÞPðlÞ

n ðxÞ

¼ � 2n2 þ 2ð1þ lÞn þ 1
� �

F
ðlÞ
2nþ1ðxÞ þ xF

ðlÞ
2nþ1

0ðxÞ þ JnðxÞ;

where

JnðxÞ :¼ 2lxE
ðlÞ
nþ1ðxÞPðlÞ

n
0ðxÞ þ 2ð1� x2ÞEðlÞ

nþ1
0ðxÞPðlÞ

n
0ðxÞ þ InðxÞPðlÞ

n ðxÞ: ð3:11Þ

Then for xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
 by (2.6), (2.12), (2.14), (4.7.27) and (7.33.5) in [23],

jJnðxÞjt jEðlÞ
nþ1ðxÞjjPðlÞ

n
0ðxÞj þ j2ðxÞjEðlÞ

nþ1
0ðxÞjjPðlÞ

n
0ðxÞj þ jInðxÞjjPðlÞ

n ðxÞj

t ðn1�lj1�lðxÞ þ n2�lj2�lðxÞÞjPlþ1
n�1ðxÞj þ nlþ1j�lðxÞ

t n2j1�2lðxÞ þ nlþ1j�lðxÞ

t n2j1�2lðxÞ

and for xA½�1; xðlÞ1;nþ1
,½xðlÞnþ1;nþ1; 1
 by (2.6), (2.12), and (2.15),

jJnðxÞjt jPðlÞ
n

0ðxÞj þ jPðlÞ
n

0ðxÞj þ n2jPðlÞ
n ðxÞj

t n1þ2l: &

Proof of Corollary 2.7. For xA½xðlÞ1;nþ1; x
ðlÞ
nþ1;nþ1
; by (2.6), (2.12), (2.14), (4.7.27) and

(7.33.5) in [23],

jF ðlÞ
2nþ1

0ðxÞj ¼ jEðlÞ
nþ1

0ðxÞPðlÞ
n ðxÞ þ E

ðlÞ
nþ1ðxÞPðlÞ

n
0ðxÞj

t n2�lj�lðxÞnl�1j�lðxÞ þ n1�lj1�lðxÞnlj�l�1ðxÞ

t nj�2lðxÞ

and by (2.18) and (2.19)

jF ðlÞ
2nþ1

00ðxÞjtj�2ðxÞðn2jF ðlÞ
2nþ1ðxÞj þ jF ðlÞ

nþ1
0ðxÞj þ n2j1�2lðxÞÞ

tj�2ðxÞðn2n1�lj1�lðxÞnl�1j�lðxÞ þ nj�2lðxÞ þ n2j1�2lðxÞÞ

t n2j�1�2lðxÞ:
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Therefore, (2.20) and (2.22) are proved. Now, we prove (2.21) and (2.23). From

Proposition 2.1, the normalization of P
ðlÞ
n ; (2.15), (2.17), and (4.7.27) in [23], we have

jF ðlÞ
2nþ1ð1Þj ¼ jEðlÞ

nþ1ð1ÞPðlÞ
n ð1ÞjBn2l�1;

jF ðlÞ
2nþ1

0ð1Þj ¼ jEðlÞ
nþ1

0ð1ÞPðlÞ
n ð1Þ þ E

ðlÞ
nþ1ð1ÞPðlÞ

n
0ð1Þjtn2n2l�1 þ n2lþ1tn1þ2l;

and

jF ðlÞ
2nþ1

00ð1Þj ¼ jEðlÞ
nþ1

00ð1ÞPðlÞ
n ð1Þ þ 2E

ðlÞ
nþ1

0ð1ÞPðlÞ
n

0ð1Þ þ E
ðlÞ
nþ1ð1ÞPðlÞ

n
00ð1Þj

t n4n2l�1 þ n2n2lþ1 þ n2lþ3tn2lþ3:

The rest can be proved by the same methods as the proof of Theorem 2.5. Therefore,
(2.21) and (2.23) are proved. &

To prove Theorem 2.9, we need the following lemmas.

Lemma 3.3. Let lAð0; 1Þ: Then for n ¼ 1; 2;y; n

jeðlÞn ðfðlÞ
n;nÞjt1 ð3:12Þ

and

d

dy
E

ðlÞ
nþ1ðcos yÞ

����
����
y¼fðlÞ

n;n

tn: ð3:13Þ

Lemma 3.4. Let lAð0; 1Þ: Then for m ¼ 1; 2;y; n þ 1

d

dy
eðlÞn ðyÞ

����
����
y¼yðlÞm;nþ1

tn ð3:14Þ

and

d

dy
PðlÞ

n ðcos yÞ
����

����
y¼yðlÞm;nþ1

tn2l�1j�1ðcos yðlÞm;nþ1Þ: ð3:15Þ

Remark 3.5. For jEðlÞ
nþ1ðx

ðlÞ
n;nÞj and jPðlÞ

n ðxðlÞm;nþ1Þj; we can deduce easily from (2.25) that

jEðlÞ
nþ1ðxðlÞ

n;nÞjBn1�lj1�lðxðlÞ
n;nÞ

and

jPðlÞ
n ðxðlÞm;nþ1ÞjBnl�1j�lðxðlÞm;nþ1Þ:
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Proof of Lemma 3.3. Since by (2.7) for 0oyop;

eðlÞn ðcos yÞ ¼ 2

gðlÞn

Im
XN
n¼0

aðlÞn;neiðnþ1�2nÞy � Im
XN

n¼mþ1

aðlÞn;neiðnþ1�2nÞy

 !
;

we have by (3.1) and (3.2)

jeðlÞn ðyÞjp sin1�2ly
p
2

Gð2lÞ
Gðlþ 1=2Þ jP

ðlÞ
n ðcos yÞj

 ½QðlÞ
n ðcos yÞ
2 þ p

2

Gð2lÞ
Gðlþ 1=2Þ PðlÞ

n ðcos yÞ
� �2 !�1

þ 2

gðlÞn

XN
n¼mþ1

aðlÞn;n sinðn þ 1� 2nÞy
�����

�����:
Then by (2.4) and (3.9) for n ¼ 1; 2;y; n;

jeðlÞn ðfðlÞ
n;nÞjp

2

gðlÞn

XN
n¼mþ1

aðlÞn;n sinðn þ 1� 2nÞfðlÞ
n;n

�����
����� ¼ Oð1Þ

so that by (2.8) and (2.10), we also have

d

dy
E

ðlÞ
nþ1ðcos yÞ

����
����
y¼fðlÞ

n;n

p ðn þ 1ÞjeðlÞn ðfðlÞ
n;nÞj þ jp2ðfðlÞ

n;nÞj

t n:

Therefore, we have (3.12) and (3.13). &

Proof of Lemma 3.4. From (2.9) and (2.10), we have easily (3.14). Now, we prove
(3.15). Since for m ¼ 1 and n þ 1 by (4.7.27), (7.33.5) in [23] and (2.5)

d

dy
PðlÞ

n ðcos yÞ
����

����
y¼yðlÞm;nþ1

tnlj�lðcos yðlÞm;nþ1ÞBn2l�1j�1ðcos yðlÞm;nþ1ÞBn2l;

we have (3.15) for yðlÞ1;nþ1 and yðlÞnþ1;nþ1 so that we will prove (3.15) only for m ¼
2;y; n: Let

eiðnþ1Þy
XN
n¼0

aðlÞn;ne�2iny

¼:
gðlÞn

2
ðEðlÞ

nþ1ðcos yÞ þ hEðyÞÞ þ i
gðlÞn

2
ðeðlÞn ðyÞ þ heðyÞÞ; ð3:16Þ

where

hEðyÞ þ iheðyÞ :¼
2

gðlÞn

eiðnþ1Þy
XN

n¼mþ1

aðlÞn;ne�2iny:
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Then since by the relation (3.2)

XN
n¼0

fne
�iðnþ1þ2nÞy ¼ eiðnþ1Þy

XN
n¼0

aðlÞn;ne�2iny

 !�1

¼ 2

gðlÞn

ð½EðlÞ
nþ1ðcos yÞ þ hEðyÞ
 þ i½eðlÞn ðyÞ þ heðyÞ
Þ�1

¼ 2

gðlÞn

½EðlÞ
nþ1ðcos yÞ þ hEðyÞ
 � i½eðlÞn ðyÞ þ heðyÞ


½EðlÞ
nþ1ðcos yÞ þ hEðyÞ
2 þ ½eðlÞn ðyÞ þ heðyÞ
2

and by (3.1)

XN
n¼0

fne
�iðnþ1þ2nÞy ¼ 1

gðlÞn

sin2l�1y QðlÞ
n ðcos yÞ � i

p
2

Gð2lÞ
Gðlþ 1=2Þ PðlÞ

n ðcos yÞ
� 	

;

by comparing the imaginary parts, we have

p
2

Gð2lÞ
Gðlþ 1=2Þ

1

gðlÞn

sin2l�1yPðlÞ
n ðcos yÞ

¼ 2

gðlÞn

e
ðlÞ
n ðyÞ þ heðyÞ

½EðlÞ
nþ1ðcos yÞ þ hEðyÞ
2 þ ½eðlÞn ðyÞ þ heðyÞ
2

:

If we differentiate the above equation for y; then

p
2

Gð2lÞ
Gðlþ 1=2Þ

1

gðlÞn

ð2l� 1Þ sin2l�2y cos yPðlÞ
n ðcos yÞ

þ p
2

Gð2lÞ
Gðlþ 1=2Þ

1

gðlÞn

sin2l�1 y
d

dy
PðlÞ

n ðcos yÞ

¼ 2

gðlÞn

½ðeðlÞn þ heÞ0½ðEðlÞ
nþ1 þ hEÞ2 þ ðeðlÞn þ heÞ2


� ðeðlÞn þ heÞ½2ðEðlÞ
nþ1

0 þ hE
0ÞðEðlÞ

nþ1 þ hEÞ þ 2ðeðlÞn
0 þ he

0ÞðeðlÞn þ heÞ



 ð½EðlÞ
nþ1 þ hE 
2 þ ½eðlÞn þ he
2Þ�2:

First, we estimate hEðyÞ; heðyÞ; hE
0ðyÞ; and he

0ðyÞ . By (2.4) and (3.9)

jheðyÞj ¼
2

gðlÞn

XN
n¼mþ1

aðlÞn;n sinðn þ 1� 2nÞy
�����

����� ¼ Oð1Þ ð3:17Þ

and similarly

jhEðyÞj ¼
2

gðlÞn

XN
n¼mþ1

aðlÞn;n cosðn þ 1� 2nÞy
�����

����� ¼ Oð1Þ: ð3:18Þ
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Now, we estimate jhE
0ðyÞj and jhe

0ðyÞj using the ideas of Ehrich’s paper [3]. For
jhE

0ðyÞj; we obtain

jhE
0ðyÞj ¼ 2

gðlÞn

XN
n¼mþ1

� aðlÞn;nðn þ 1� 2nÞ sinðn þ 1� 2nÞy
�����

�����
¼ 2

gðlÞn

XN
n¼1

� aðlÞnþm;nð2n� 1Þ sinð2n� 1Þy
�����

�����
p

4

gðlÞn

XN
n¼1

naðlÞmþn;n sin 2ny cos y

�����
�����þ 4

gðlÞn

XN
n¼1

naðlÞmþn;n cos 2ny sin y

�����
�����

þ 2

gðlÞn

XN
n¼1

aðlÞmþn;n sinð2n� 1Þy
�����

�����:
Then we have by partial summation,

XN
n¼1

naðlÞmþn;n sin 2ny

¼ lim
K-N

XK�1

n¼1

ðnaðlÞmþn;n � ðnþ 1ÞaðlÞmþnþ1;nÞ
Xn
m¼1

sin 2myþ KaðlÞmþK ;n

XK

m¼1

sin 2my

" #
:

Here, we know that

Xn
m¼1

sin 2my

�����
����� ¼ cos y� cosð2nþ 1Þy

2 sin y

����
����p 1

sin y

and we have by (3.3) and (3.9)

jKaðlÞmþK ;njp
XK

n¼1

� aðlÞmþn;np
XN
n¼1

� aðlÞmþn;n ¼ Oðnl�1Þ

and

XK�1

n¼1

jnaðlÞmþn;n � ðnþ 1ÞaðlÞmþnþ1;nj

p
XK�1

n¼1

njaðlÞmþn;n � aðlÞmþnþ1;nj þ
XK�1

n¼1

jaðlÞmþnþ1;nj

¼
XK�1

n¼1

� aðlÞmþn;n þ ðK � 1ÞaðlÞmþK;n þ
XK�1

n¼1

� aðlÞmþnþ1;n

¼ Oðnl�1Þ:
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Therefore, we have for 0oyop;

XN
n¼1

naðlÞmþn;n sin 2ny

�����
�����tnl�1

sin y
:

Similarly, since

Xn
m¼1

cos 2my

�����
����� ¼ sinð2nþ 1Þy� sin y

2 sin y

����
����p 1

sin y
;

we have for 0oyop;

XN
n¼1

naðlÞmþn;n cos 2ny

�����
�����tnl�1

sin y

and by (3.9)

XN
n¼1

aðlÞmþn;n sinð2n� 1Þy
�����

�����tnl�1:

Therefore, by (2.4) we have for 0oyop;

jhE
0ðyÞjt 1

sin y
: ð3:19Þ

By the same reason as the above, we have for 0oyop;

jhe
0ðcos yÞj ¼ 2

gðlÞn

XN
n¼mþ1

aðlÞn;nðn þ 1� 2nÞ cosðn þ 1� 2nÞy
�����

�����
t

1

sin y
: ð3:20Þ

Next, we obtain by (3.2), (3.7), and (3.16),

ð½EðlÞ
nþ1ðcos yÞ þ hEðyÞ
2 þ ½eðlÞn ðyÞ þ heðyÞ
2Þ1=2

¼ 2

gðlÞn

XN
n¼0

fne
�iðnþ1þ2nÞy

�����
�����
�1

¼ 2 sin1�2ly ½QðlÞ
n ðcos yÞ
2 þ p

2

Gð2lÞ
Gðlþ 1=2Þ PðlÞ

n ðcos yÞ
� �2 !�1=2

¼ 2 sin1�lyD�1=2
n ðyÞ2

p
Gðlþ 1=2Þ

Gð2lÞ
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so that we have by (3.8) for fðlÞ
n;npypfðlÞ

1;n

ð½EðlÞ
nþ1ðcos yÞ þ hEðcos yÞ
2 þ ½eðlÞn ðcos yÞ þ heðcos yÞ
2Þ1=2Bn1�lj1�lðcos yÞ:

Then by (3.14), (3.20), (3.18), (3.12), and (3.17), for m ¼ 2; 3;y; n;

jðeðlÞn þ heÞ0½ðEðlÞ
nþ1 þ hEÞ2 þ ðeðlÞn þ heÞ2
ðyðlÞm;nþ1Þj

t OðnÞ þ Oð1Þ 1

sin yðlÞm;nþ1

 !
½Oð1Þ þ ðOðn1�lÞ sin1�lyðlÞm;nþ1Þ

2


tOðn3�2lÞ sin2�2lyðlÞm;nþ1; ð3:21Þ

by (2.13), (3.17), (2.24), (3.19), and (3.18),

jðeðlÞn þ heÞðEðlÞ
nþ1

0 þ hE
0ÞðEðlÞ

nþ1 þ hEÞðyðlÞm;nþ1Þj

tOðn1�lÞ sin1�lyðlÞm;nþ1 Oðn2�lÞ sin1�lyðlÞm;nþ1 þ Oð1Þ 1

sin yðlÞm;nþ1

 !

tOðn3�2lÞ sin2�2lyðlÞm;nþ1; ð3:22Þ

and by (2.13), (3.17), (3.14), and (3.20),

jðeðlÞn þ heÞðeðlÞn
0 þ he

0ÞðeðlÞn þ heÞðyðlÞm;nþ1Þj

tOðn1�lÞ sin1�lyðlÞm;nþ1 OðnÞ þ Oð1Þ 1

sin yðlÞm;nþ1

 !
Oðn1�lÞ sin1�lyðlÞm;nþ1

tOðn3�2lÞ sin2�2lyðlÞm;nþ1: ð3:23Þ

Therefore, we have from (3.21)–(3.23),

jðeðlÞn þ heÞ0½ðEðlÞ
nþ1 þ hEÞ2 þ ðeðlÞn þ heÞ2


� ðeðlÞn þ heÞ½2ðEðlÞ
nþ1

0 þ hE
0ÞðEðlÞ

nþ1 þ hEÞ þ 2ðeðlÞn
0 þ he

0ÞðeðlÞn þ heÞ
jðyðlÞm;nþ1Þ

tOðn3�2lÞ sin2�2lyðlÞm;nþ1: ð3:24Þ
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Finally, since

p
2

Gð2lÞ
Gðlþ 1=2Þ sin

2l�1 y
d

dy
PðlÞ

n ðcos yÞ

¼ 2½ðeðlÞn þ heÞ0½ðEðlÞ
nþ1 þ hEÞ2 þ ðeðlÞn þ heÞ2


� ðeðlÞn þ heÞ½2ðEðlÞ
nþ1

0 þ hE
0ÞðEðlÞ

nþ1 þ hEÞ þ 2ðeðlÞn
0 þ he

0ÞðeðlÞn þ heÞ



 ð½EðlÞ
nþ1 þ hE 
2 þ ½eðlÞn þ he
2Þ�2

� p
2

Gð2lÞ
Gðlþ 1=2Þ ð2l� 1Þ sin2l�2y cos yPðlÞ

n ðcos yÞ;

we have by (3.24), (3.8), and (7.33.5) in [23],

sin2l�1y
d

dy
PðlÞ

n ðcos yÞ
����

����
y¼yðlÞm;nþ1

tOðn3�2lÞ sin2�2lyðlÞm;nþ1  ðOðn1�lÞj1�lðcos yðlÞm;nþ1ÞÞ
�4

þ j sin2l�2yðlÞm;nþ1 cos y
ðlÞ
m;nþ1PðlÞ

n ðcos yðlÞm;nþ1Þj

tOðn2l�1Þj2l�2ðcos yðlÞm;nþ1Þ þ Oðnl�1Þjl�2ðcos yðlÞm;nþ1Þ

tOðn2l�1Þj2l�2ðcos yðlÞm;nþ1Þ

so that we have for m ¼ 2; 3;y; n;

d

dy
PðlÞ

n ðcos yÞ
����

����
y¼yðlÞm;nþ1

tn2l�1j�1ðcos yðlÞm;nþ1Þ:

Therefore, (3.15) is proved. &

Proof of Theorem 2.9. From (2.11) and (2.24), we have for m ¼ 1; 2;y; n þ 1;

jEðlÞ
nþ1

00ðxðlÞm;nþ1Þjtj�2ðxðlÞm;nþ1Þðjx
ðlÞ
m;nþ1jjE

ðlÞ
nþ1

0ðxðlÞm;nþ1Þj þ n2Þ

tj�2ðxðlÞm;nþ1Þðn2�lj�lðxðlÞm;nþ1Þ þ n2Þ

t n2j�l�2ðxðlÞm;nþ1Þ:

So, (2.26) is proved. Since by (3.13), (4.7.27), and (7.33.5) in [23], for n ¼ 1; 2;y; n;

jEðlÞ
nþ1

0ðxðlÞ
n;nÞPðlÞ

n
0ðxðlÞ

n;nÞjt
1

sin fðlÞ
n;n

d

dy
E

ðlÞ
nþ1ðcos f

ðlÞ
n;nÞ

����
����jPðlÞ

n
0ðxðlÞ

n;nÞj

t nlþ1j�ðlþ2ÞðxðlÞ
n;nÞ
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and by (3.15) and (2.24) for m ¼ 1; 2;y; n þ 1;

jEðlÞ
nþ1

0ðxðlÞm;nþ1ÞPðlÞ
n

0ðxðlÞm;nþ1Þjt jEðlÞ
nþ1

0ðxðlÞm;nþ1Þj
1

sin yðlÞm;nþ1

d

dy
PðlÞ

n ðcos yðlÞm;nþ1Þ
����

����
t nlþ1j�ðlþ2ÞðxðlÞm;nþ1Þ;

we have for n ¼ 1; 2;y; 2n þ 1;

jEðlÞ
nþ1

0ðyðlÞ
n;2nþ1ÞPðlÞ

n
0ðyðlÞ

n;2nþ1Þjtnlþ1j�ðlþ2ÞðyðlÞ
n;2nþ1Þ: ð3:25Þ

Finally, since by (2.12), (3.11), (3.25), and (7.33.5) in [23],

jJnðyðlÞ
n;2nþ1Þjtj2ðyðlÞ

n;2nþ1ÞjE
ðlÞ
nþ1

0ðyðlÞ
n;2nþ1ÞjjPðlÞ

n
0ðyðlÞ

n;2nþ1Þj

þ jInðyðlÞ
n;2nþ1ÞjjPðlÞ

n ðyðlÞ
n;2nþ1Þj

t nlþ1j�lðyðlÞ
n;2nþ1Þ

and from (2.18),

jF ðlÞ
2nþ1

00ðyðlÞ
n;2nþ1Þjtj�2ðyðlÞ

n;2nþ1ÞðjF
ðlÞ
2nþ1

0ðyðlÞ
n;2nþ1Þj þ jJnðyðlÞ

n;2nþ1ÞjÞ;

we have by (2.25),

jF ðlÞ
2nþ1

00ðyðlÞ
n;2nþ1Þjtn1þlj�2�lðyðlÞ

n;2nþ1Þ:

Therefore, (2.27) is proved. &
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Methods and Approximation Theory, Vol. III, (Nis̆, 1987), Univ. Nis̆, Nis̆, 1988, pp. 39–66.

[9] W. Gautschi, S.E. Notaris, An algebraic and numerical study of Gauss–Kronrod quadrature

formulae for Jacobi weight functions, Math. Comput. 51 (1988) 231–248.

[10] J. Geronimus, On a set of polynomials, Ann. Math. 31 (1930) 681–686.

[11] A. Ghizzetti, A. Ossicini, Quadrature Formulae, Birkhäuser, Basel, 1970.
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