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Abstract

Let w;(x) = (1 — x2)*""/* and P be the ultraspherical polynomials with respect to w;(x).

Then we denote Ef:gl

! , =0, Osm<n+1
A 2 m ’ = )
[1 wl(x)P,S )(X)E;(er)l (x)x™ dx{ 0, n

the Stieltjes polynomials with respect to w;(x) satisfying

In this paper, we give estimates for the first and second derivatives of the Stieltjes polynomials

E(;‘)1 and the product EISJ')

. HP,(f) by obtaining the asymptotic differential relations. Moreover,

using these differential relations we estimate the second derivatives of E,(Ii)l(x) and
Eflfr)l(x)Pff) (x) at the zeros of E;(1)+)1(x) and the product E,(lﬁr)
© 2004 Elsevier Inc. All rights reserved.

) (x)P,([U (x), respectively.
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1. Introduction

In 1894, Stieltjes introduced a remarkable polynomial sequence {E,;(x)} which
satisfies the orthogonality relation

1
/Pn(x)En+1(x)xkdx:0, k=0,1,2,...,n,
-1
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where P,(x) is the nth degree Legendre polynomial. Stieltjes made the conjecture
that the zeros of E,(x) should all be in (—1, 1) and should alternate with those of
P,(x). In 1934, Szegl generalized the problem to integrals with a weight function of

the form wy(x) = (1 —x2)*"'2 1> —1/2 and showed that the zeros of the

generalized Stieltjes polynomials EY

E,"\ (x), satisfying the orthogonality

n+1

1 a
/ w,(x) PP (x)E('“) (x)x*dx=0, k=0,1,2,...,n,

where PS,}')(x) is the nth degree polynomial orthogonal in (—1,1) with respect to

w;(x), are also in (—1, 1) and interlace with those of P (x) whenever 0<2<2.
After Szegd’s works, in 1964 Kronrod introduced the so called Gauss—Kronrod
quadrature formulas,

1 n
[ i) ds =37 A + Z BEK A (E0),0) + RS, (1)
- v=I

for estimating the error of the Gaussian quadrature formula and in 1970 Barrucand
[1] observed that the zeros of Stieltjes polynomials are precisely the additional nodes

5(1’,), e ...,f,(fﬁl‘n 41 of Gauss—Kronrod quadrature formulas. This induced a lot
further study of Stieltjes polynomials and Gauss—Kronrod quadrature formulas.
These days, Gauss—Kronrod formulas are used extensively in the numerical
integration software(cf. e.g. [16,21]). There are the exhaustive surveys of Gautschi
[8] and Monegato [13,15], for the precise definition of Gauss—Kronrod quadrature
formulas and an overview about their connection to Stieltjes polynomials.
Recently, several authors [3,5,6,9,18] studied further interesting properties for

these Stieltjes polynomials. Ehrich [3] investigated asymptotic representations for
;41 and E ,/(0<A<1) on closed subsets of (—1,1) and Ehrich and Mastroianni

[5,6] gave accurate pointwise bounds of the St1eltjes polynomials E (O</1< 1)o

[—1,1] so that they proved that the Lagrange interpolatory process is optlmal in the
sense that nth Lebesgue constant ~logn. Several of the problems stated in the
survey papers [8,13,15] has been solved in the meantime as is recorded in [4,17,19]
not yet covering the recent surprising result [20]. Nevertheless, many questions still
remain to be answered. In this paper, we find the asymptotic differential relations of

the first and the second order for the Stieltjes polynomials E ( )(0<AL])

and the product anll = Efl+>1( )P(A (x)(0<A<1). Using these relatlons, we obtain

pointwise upper bounds of E (%), E,(,i'r)l”(x), Fz(,izr]’(x)7 and F2n+1 '(x). We also

estimate the value of E,(fgl "(x) dnd an+1 '(x) at the zeros of E;<1+)1(x) and F;E/+)1 (x),
respectively. Moreover, these estimates play important roles in proving that

the Lebesgue constants of Hermite—Fejér interpolatory process are optimal

(~0(1))(see [12]).
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2. Main results

We first introduce some notations, which we use in the following.

For the ultraspherical polynomials Pﬁ,}“), A#0, we use the normalization Pf,”(l) =

(n + 2n/1 -1 ) = O(n**~1). A representation of Stieltjes polynomials E,Si)l(x) is (cf.
[15,22])

“/()V) A ) A

’; EY), (cos 0) :océflzcos(n +1)0+ ocgﬁ',), cos(n—1)0
ocg') cosf, n even,
50
I ; (2.1)
)
%oc%ﬁn, n odd,
where
) _ ) ~
O‘O?n :f(.),r; =1, Z O([(ﬁ}?lf\(f?un =0, v=12,.., (2 2)
u=0
y) A 1

Sl = <1_;)< _n+v+i)f"(>l’"’ v=h 23)

and
I'(n+24) 3

() _ - = 24

=N iV (2:4)
We denote the zeros of P,(f') by XEQ = cos qﬁS‘,z, v=1,...,n, and the zeros of Stieltjes
polynomials E,(Ql by éﬁﬂ = cos Hﬁr)ﬁl, u=1,...,n+1. We denote the zeros of
Féill = PEME,SQI by yE@nH = cos l,bsfz)nﬂ, v=1,...,2n+ 1. All nodes are ordered by

increasing magnitude. We set ¢(x) = v'1 — x? and for any two sequences {b,}, and
{cn}, of nonzero real numbers(or functions), we write b, <c¢,, if there exists a
constant C >0, independent of n (and x) such that b, < Cc, for n large enough and
write b, ~c, if b, <c, and ¢, <bh,. We denote by 2, the space of polynomials of
degree at most n.

Ehrich and Mastroianni [5] proved that for p©=0,1,...,n4+2 and v=
0,1,....,2n+2

2 2 ) A _
\0,(1,;)1“ - 0;(¢+)1,n+1|~|¢5,2>n+1 - ¢5v31,2n+1|~” 1’ (2.5)

e

g 2 g .
where lp(()_%n = 0&3 4 =mn and l/!<2n>+2’2n 1 =00, =0. Also, they obtained

precise upper bounds of the Stieltjes polynomials EW (x) such as:

n+1
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Proposition 2.1 (Ehrich and Mastroianni [5, Theorem 2.1]). Let 0<A<1. Then for
n=0,

EY)

n+1

Furthermore, Elgi)l (H=1.

()[sn' e () + 1 —1<x<1. (2.6)

The associated sin-polynomial is defined by

RO ) ~
M) (0) = o) sin(n + 1)0 + o) sin(n — 1)0

2 n n n
océbl sin 30 + o) sin 0, n even,
27 2
N (2.7)
2" sin 20, n odd
Rl

and is important in connection with polynomials G,(z’t) considered by Geronimus (cf.
[10,15,18,22]). The connection is (cf. [18,22])

sin G (cos 0) = €M) (0).

First, we state the asymptotic differential relations of the first order for Efﬁl (cos 0)
and e,(f‘)(é)).

Proposition 2.2. Let 0<Ai<1. Then for 0<0<m,

%Eﬁfjl (cos 0) = —(n+ 1)el)(0) + pi (0) (2.8)
and

%e}f“)(é)) = (n+ 1)EY, (cos 0) + p2(6), (2.9)
where p(x) = p1(0)/sin 0€ P, _s, pr(x) = p2(0) e P,—1 (x = cos 0), and satisfy that

Jmax {1p1(0)] [p2(0)]} <. (210)

If we restate (2.8) by G,(f) (x), then

4 ED (x) = (n+ 1)G (x) — p(x),

dx n+1
where pi(x)e?,, and satisfies |p;(x)|<n/v1—x2 on (—1+1/n,1—1/n) and
1p1(x)|<n? on (=1, =1+ 1/n]U[l — 1/n,1).

In the following, we state the asymptotic differential relation of the second order
of EV

n+l-

Proposition 2.3. Let 0<A< 1. Then for all xe[-1,1],
(1= EY"(x) = xEY (%) + (n+ 1)*EY) (x) = L(x), (2.11)

n+1 n+1
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where I,€ 2,1 and satisfies that

max_|I,(x)| <n’. (2.12)
xe[-1,1]

The form of the left-hand side in (2.11) is the second-order differential form for
2)

/1 can be treated

Chebyshev polynomials so that the Stieltjes polynomials E,(,
similarly to Chebyshev polynomials with the error terms 7,,(x).
Next, using Propositions 2.2 and 2.3, we obtain bounds of the associated sin-

polynomial eﬁ,”(@).
Theorem 2.4. Let 0<A<1. Then, for all 0€[0,x],

|eX(0)] <n'~* @' "*(cos 0) + 1. (2.13)

From Propositions 2.2, 2.3, and Theorem 2.4, we can obtain bounds of the first

and second derivatives of Eﬁr)l.

Theorem 2.5. Let 0</<1. (a) For all xe[¢" éiﬁ17,1+1],

L1

L () 597 (). 214)
Moreover, we have for xe[—1, f(ll},zﬂ] V) [éi(zizl‘n+l’ 1],

EL ()|~ @1)

(b) For all xe[é(lizﬂ’ fiﬁl,nﬂ]’

|E,5ff,”(x)|Sn3"1(p"_i(X). (2.16)
Moreover, we have for xe[—1, EE'ZH} v [élﬁ)]’,&l, 1],

|E,(1f21”(x)| it (2.17)

Inequalities (2.14) for E,(,i)l’ (x) are given for the first time in the paper of

Monegato [14] and can be obtained for interval of the form [—1 +¢,1 —¢], >0 by

the asymptotic relation for the first derivative of E,Si)l(x) given in [3, Theorem].
We also obtain the asymptotic differential relations of the second order for

F2<2)+1 (x)-
Corollary 2.6. Let 0<A<1. Then for all xe[—1,1],

(1 =X FD(x) = xELL ) (x) + (262 4 2(1+ n+ DFY. (x) = Ju(x),
(2.18)
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(4)

where J,(x) € Pyy11 and satisfies that for xe [fw e éw ]

n+1,n+1

[Ta(x)[ S o' (x) (2.19)

(4) 2
andfor Xe [_ 1, 61,11+1] Y [ét(1+)l.n+1’ 1]

()| snt 2,

Corollary 2.7. Let 0<i<1. (a) For all xe[£j< Ao EW ]

L1 St 11
3! (0] Sng (). (2.20)
Moreover, we have for xe[—1, fg/}zﬂ} U [éfﬁlynﬂ, 1],
[F! ()|~ 2 221)
(b) For all xe[f(l ;3+1’ 551%21 n+1]7
[E" () s (). (222)

Moreover, we have for xe[—1, fg/:‘,)wl} V) [Q&?],Hw 1],

F5) ()|~ 2, (2.23)

For [—1 + ¢, 1 — ¢], >0 inequalities (2.20) can be also obtained by the asymptotic
representations in [3, Theorem].
For the first derivatives, the following results are obtained in [5, Lemma 5.5].

Proposition 2.8 (Ehrich and Mastroianni [5, Lemma 5.5]). Let 0<A<1. Then for
u=12 ...,n+1,

o (&) (224)

| n+] ( yn+l)| n+1

and forv=1,2,....2n+ 1,

A A — A
|F2<n)+l/(y5,2>n+l )| ~ne 21(y£7§n+1). (225)

We now estimate the second derivatives at the zeros of E ] and an 1

Theorem 2.9. Let 0<A<1. Then for u=1,2,...,n+ 1,
|<rte 2 ) (2.26)

| n+l ( n+l) 1,n+1
Hy L

and forv=1,2,....2n+ 1,

A T A
I A P e (R C A (2.27)



H.S. Jung | Journal of Approximation Theory 127 (2004) 155-177 161

Considering (2.16) and (2.22), estimates (2.26) and (2.27) are remarkable. In fact,
(2.26) and (2.27) play key roles in proving that the Lebesgue constant of Hermite—
Fejér interpolation operators are optimal(see [12]), i.e. for 0<Ai<1

HELH4H:::”ZFP [ Hya [/l = O(1),
and for 0<1<1/2
||%2n+1|| = SUP ||%2n+1[f]||oc = 0(1)7

1=
where H,[f] and #,.,[f] are the Hermite—Fejér interpolation polynomials of a

continuous function f on [—1, 1] based at the zeros of EW 1 and F2< respectively.

n+17

3. The proofs

First note that the cases A = 0 and 1 are considered as

EO () = 2 (0 (0) — s (),

1 2
E;(1+)1 (x) = o Ty (x)

so that in these cases, the results are well known or can be deduced directly.
Therefore, in this paper we consider only the case of 0</<1. In the following, we

recall several facts from [22]. Let Q,@ be the ultraspherical function of the second
kind, defined by

(1 -y =1 _T@4 )/1(1_l2)'1_]/2—P'(1A)(l)dt
1

1
2Ir(A+1/2) ) y—t
for y¢[—1,1], A> — 1/2. For xe[-1,1], fo)(x) is defined by Szego [23, (4.62.9)], or

equivalently, by a Cauchy principal value integrals,

— )12l _lﬂ ey PO
(1 =x7)"70,"(x) (}LH/z)PV/Ia ) S

In fact, f‘,(,fl) defined in (2.3) are the coefficients in the expansion (cf. [22, p. 533]) for
0<0<m,
14200 _ . 2)—1 _ T I'(22) (7)
y Zfe = sin 0<Q (cos 0) Z2F(/H—1/2 P,/ (cos0) ] (3.1)

and from the recurrence relation (2.2), we have for 0<f<n

o0 o0
zn+1 0 (Z OCVA e 21’v6’> <Z fvei(n+l+2v)9> - 1. (32)
v=0

v=0
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On the other hand, Szego [22, p. 509] proved that

0
()<oc()<ocg,i ---<0 and 0<Zo¢£{2<1. (3.3)
y=0

For convenience, we consider n even because the case of odd n can be treated
analogously and let m == n/2.
The following two lemmas play an important role in proving the results.

Lemma 3.1 (Ehrich and Mastroianni [5, Lemma 5.1]). Let 0<A<1. Then for given
neN,

Z 0&2 ! (3.4)

Lemma 3.2 (Ehrich and Mastroianni [5, Lemma 5.2]). Let 0<A<1. Then for every
k<m,

12 2—-14
) 200 4 30+ k() T 33

Proof of Proposition 2.2. From (2.1) and (2.7),

iE(i) (COS 6) d 2 RC i OC(/» el(n-‘rl—Zv)H
0"+ do 2
= _ilm{ 7 ( +1—2V) (2) z(n+1 2»)6}
yﬁli) 2 : %y, n

v=0

_ i) (n+1)Irn{Z 2l 1-2) } 4 Im{z v =200 }

n V=0

. 4 m
= —(n+1)e)(0) +Wlm{z vo{) e 2”)9}.
n v=1

If we let
4 m
pi1(0) = Wlm{zl Wéfnel(”ﬂ 2v)9}’
n V=

p1(0)/sin 0 = — vot(;“)U,, w(X),



H.S. Jung | Journal of Approximation Theory 127 (2004) 155-177 163

where U, is the first kind Chebyshev polynomial, so that p,(0)/sin e 2,_, for x =
cos 6 and by (2.4) and (3.9),

p1(0 Z vy .
Similarly, by (2.1) and (2.7),

) (4) - (4) ,i(n V)
%e,(,)(e) (n+1)E,/ (cos 0) —Re{z vaye (n+1-2v) }

Vn v=1

If we let

4 “ N i
— 2) 1-2v)0
p2(0) = B Re{z vocsﬂnel(rw v) }’
Vn v=1
then p,(0) €2, for x = cos 0 and by (2.4) and (3.5),
< - 2 () < .
Ip2(0)| < —ﬁ Z Yoy g S -
n  v=1

Proof of Proposition 2.3. Since

Doy L odf 1 d.p
B =~ 59 de( s 020 Fre1 (003 0)
B (E,(,i)1 (cos 0)),"sin 0 — cos 9( n+l (cos 0))y
a sin® 0
1 y
= —— (B, (cos 0))," + xE/7(x)]

1 —x2
and

3 2 m
(Eflle (cos 9)>9”:W Re{ —(n+1- 2v)zoc$fne’ (1= 2‘)9}
Vn v=0

2 “ )
= — (l’l 4 1)2 W RC{Z asiﬁel(”+]2v>0}
Yn '

v
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( + 1) ,IJI(COS 0) ( Re{z VOCV/ 6’ (n+1- 2‘)(.)}

m
(4) yi(n+1-2v)0
Re{E v? oy el ) },

if we let

=1

iRe S V2o A giln1-2v)0
)

L,(cos0) =(n+1) Re{ vcx ellrtl= 2”}

Proof of Theorem 2.4. First, we consider for 0<0< d) . Let s be the greatest

n—1,n+1
(2) 1
zero of En+1 nn+1
yi
o)

< *) (*) (2
n—1,n+

'(x) and let ri )ln .1 and rY) | be the greatest zeros of E< o J/(x) with

) ()
nat1- Then since 7,7y, <5, ln+1<rnn+1<1 for %y, sx<l1
(2)

| n-H( )|<max{| n+1 (s, L)l | n+l (D]}

By (2. 11) and 1 — ~1/n?, we have

n1+l

B e DI )+ 0 DB (57 0)]
S (17 e )+ )
,Sn
and from [5, Lemma 5.3], we have | n+1 (1)|§n2. Therefore, we have for
r;(1)'>ln+1<X<l
|EV "(x)| < n’.
Then since i), . <&V <xih<&) | <1, for 0<0< o) by (2.5)
EW (cos ) <n?sinf<n

d@ n+1
so that by (2.8) and (2.10) we have for 00, '] U [¢\"), 7],

L4 g0 (cosg)] + 21O <y (3.6)

() ()| <
e O <1 g B nt 1
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For d)m <0< </>§* it follows the proof of Theorem 2.1 in [6]. Let

D, (0.7) = sin”@{ﬁ%Q (ost‘))r [P&”(coSe)]z}, (3.7)

then by Durand’s result [2] (cf. [6, (15)]), for ¢) <0<

4T 41)2) A r(n/2+4) \
PW Z(f’(i)[Q (Cosqb )] Dn(Qvﬂ)<<W)7

where cos q’)ﬁl = xﬁfn is the largest zero of Pn If we let aw the Gaussian quadrature

weights in the ultraspherical case(cf. e.g. [11, p. 94]), then we have from the

representation of afﬁz and a lower bound of asj,,) in [7]

) 01 (cos ¢{/))sin* ! o) L@y
P (cos o)) 2r(z+1/2) ™"
1 rey 324 04+1/4 =
F(Z+1/2) 2(+1/2)* n+2

sin** (]S,S‘,)l
So, we have by (8.9.7) in [23]

n¢n)1 | ))/(COS ¢(i))|~n21—l.

nn

10 (cos ¢y)| 2

4)

\n

Therefore, we have for qb,(f; <0< qb(l

D, (0, 1) ~n* 2. (3.8)

Now, we have from (2.7),

€(0)]

n

2 ( e
g_
%(12) v=0

Then since by (3.1), (3.2), (3.8), and (7.33.5) in [23], for ¢{) <0< 4}’

n

B sin(n+ 1 —2v)0

v,n

B sin(n+ 1 —2v)0

v,n

).

v=m+1

2 |& 4r(i+1/2) sin 0P (cos 0)
B sin(n 41 —2v)0| =
o, sin v
yA = I'(24) D,(6,2)
< nzfzznﬂ.fquzﬂ(x) — nlfiq)lfi.(x)
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and by (3.3) and (3.4),

o0 0 m
Z ol sin(n + 1 —2v)0| < — Z ocf,‘n Z ol?) = -, (3.9)
v=m+1 ’ v=m+1 V=

we have for ¢(; <0<\

nn 1,n>

e (O] <n' o' (x) + 1m0 T (x). (3.10)

Therefore, from (3.6) and (3.10) we have for 0<0<m,

e M (0)| sn' o' 4 (x) + 1. O
Proof of Theorem 2.5. (a) Since for 0 <8 <= by (2.8), (2.10), and (2.13),

B3 0)| 1+ DI O) + 1 0)

<o (x) +,

(4) é(b ]

we have for xe (¢}, &7 0],

E ()l s o7 (%),

Therefore, we have (2.14). On the other hand, it was proved that |E,(Ii)l’ ()| <r?in |5,

Lemma 5.3] and we will estimate the lower bound of |E \ '(1)]. Since

11+l
(2) 1 n+t1
En+1 (x) Z 1

EN(x) = x-&l,

we have by (2.5)

)

EL() N B

7 7.
Er<z+)1(1) i1 11— ‘fz(',n)ﬂ 1 - én+1 1

So, we have by Proposition 2.1,

EYL (1) zn*EY)

n+1

(1)~n?.

()

Therefore, we have E,(li)l’(l) ~n?. Since E( ) )/ (x) is increasing on [¢,/; .1, 1], we have
for xe[~1,&/"), JU[EY, .1, 1] by (2.5) and (2.24)

A
~EVE L DISIED ()< IES (1] ~n.
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Therefore, we have (2.15).

(b) By (2.6), (2.11), (2.12), and (2.14), we have for xe [él n+],£n+1 n+1]

B (]S 1y OPIES, ()] + I ELY ()] + )
< 07200 )+ ) + )

<o A (x).

Therefore, (2.16) is proved. On the other hand, since by (2.5)

(4) (4)
En+1”(én+l,n+l) o i 1 > 1
(4) (4) o (4) (1) 7 () (4)
En+1l(§n+1m+1) i=1 én+1,n+1 ~Tins1 €n+17n+1 ~ untt
! zn’,

= () (4)
55:11,%1 - én,n+l
we have by (2.24)

(4) (%) 2 EW 1) 4
En/jrlu(én+l n+1) En+l (én+l,n+l)~n )

where rlun)+1 are the zeros of ,<1+>1 (x) so that we have from (2.16)
4
| n+1 (s n+1n+1)| n-.

Since it was proved that E,(,i)l”

bound of Effjl“(l). Since by (2.5)

(1)<n* in [5, Lemma 5.4], we estimate the lower

) g
EnJ)l s e
En-‘rl/(l) 1 - rn,;1+l - in,;z+l
we have
EX ()2 ED (1)~
n+1 n+1
so that we have Er(l+)1 '(1) ~n*. Here, since E,(li)l”(x) is increasing on [éﬁl,}mv 1], we
have for xe [_17él,n+l] Y [5221,;#17 1],

4
| n+l (n+1n+1)|\| n:LLl ( )|<| n+l (1)|~n .

Therefore, (2.17) is proved. [
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Proof of Corollary 2.6. By (2.11) and (4.2.1) in [23],
(1 =) Fy) " (%)

= (1= )EL " (PP () +2(1 = ) EL ()PP (x) + B (1= )PP (x)
= (—(n+ 1?EY, (%) + xEV (%) + L(x)) PP (x) + 2(1 — X*)EV) (x) PP (x)
+ (24 + D)xPY" (x) - ( +22) PP () E ()
= (=(n+ 1" = n(n+22))EY) ()P (x) + x(E () PP (x) + By (x) PP ()
+ 2P () EL) (%) + 2(1 = ) ED (x) PO (x) + 1,(x) PP (x)
= — (22 1201+ 2+ 1)L () + XD (%) + Ju(x),
where

Jn(x) = 22xED, (1) PP () + 21— ) ELL (0 PP () + L) PP (). (3.11)

Then for xe[éV),, &), 1] by (2.6), (2.12), (2.14), (4.7.27) and (7.33.5) in [23],

In+1°
()| S 1EVL NP ()] + @2 ()| BV (NP (x)] + 1 ()| PY ()]
< (' M x) + ()P ()] + e (x)
<n2(p1 2/( )+nﬂ.+l(pf/g(x)
2(p1 2A(x)
and for xe[~1,&["), JU[EY) .|, 1] by (2.6), (2.12), and (2.15),
()| [P ()] + [P ()] + [ PP ()|

< nl+2/l. O

Proof of Corollary 2.7. For xe [fﬁ’,m, én+l n+1] by (2.6), (2.12), (2.14), (4.7.27) and
(7.33.5) in [23],
1 2
[Fy ()] = B ()PP () + By (x) PV ()]
Sn27ﬂ(p A( ) A— l(ﬂ ( )+nl l(plfi(x)n/lqofifl(x)
< np(x)

and by (2.18) and (2.19)

FL (1 0 2 0RIFLL (9] + [FL ()] + ! ()
< 2R (W 97 () + g () + ! ()

< n2(p7172}.(x)'
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Therefore, (2.20) and (2.22) are proved. Now, we prove (2.21) and (2.23). From
Proposition 2.1, the normalization of Pg), (2.15), (2.17), and (4.7.27) in [23], we have

IFL (D] = BV, ()PP (1)~

IEy ()] = [EQ (PP (1) + EX ()PP (1) s et n? g+,

and
IE (D] = ES ()PP (1) + 2B /()PP (1) + EX, (1) PR (1)
< n4n24—1 + n2n24+1 + n2).+3 <n21+3'

The rest can be proved by the same methods as the proof of Theorem 2.5. Therefore,
(2.21) and (2.23) are proved. O

To prove Theorem 2.9, we need the following lemmas.

Lemma 3.3. Let Ae(0,1). Then forv=1,2,....n

e (9% (312
and
E' (cos 0) <n (3.13)
do Evii =g '

Lemma 3.4. Let A (0,1). Then for u=1,2,...,n+1

d
(4) <
‘dG @ o) A (3.14)
and
d o0 2-1
@Pn (cos 6) - <n* 1o~ (cos Hunﬂ) (3.15)

o+l

Remark 3.5. For \ e (xt ,1)| and |P ( HHI)\ we can deduce easily from (2.25) that

| n+l (xs/lrz

DI~ ()

y

and

) A
1POED D~ o (D) ).
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Proof of Lemma 3.3. Since by (2.7) for 0<0<m,

e (cos ) = (Im Z T Z as:l’zei(n+l—2v)(-)>’

v=m+1

we have by (3.1) and (3.2)
I'(2%)

() ()| < sin20 = =41 p()
)] < sin 05 2 2 P cos )
. 2\ —1
() S LA RO
X ([Qn (cos 0)]” + [2 TG+ 1/2)P (cos 0)
2 0
+ 5 0‘8}1 sin(n+ 1 —2v)6|.
Pn lv=m+1

Then by (2.4) and (3.9) forv=1,2, ...,n,

Z ocS)n sin(n+ 1 — 2v)d>£,f‘n)

v=m+1

so that by (2.8) and (2.10), we also have

| |\ (A) :0(1)

I’l

EY (cos )

TE < (n+ DI @]+ (9]

0=¢.")
<.

Therefore, we have (3.12) and (3.13). O

Proof of Lemma 3.4. From (2.9) and (2.10), we have casily (3.14). Now, we prove
(3.15). Since for p =1 and n+ 1 by (4.7.27), (7.33.5) in [23] and (2.5)

d A -1 -
%Pﬁi-)(cos 0) s SnteT (cos 9/8‘”“) o '(cos H/H’H-l) ~n*,
pn+1
we have (3.15) for 01%1 and HanH so that we will prove (3.15) only for u =
2,...,n. Let
ei(nJrl)H - aE’f.nefﬁv(?
v=0
LA G
= I (B (005 0) 4+ e (0)) + 1 22 (e(60) + h(0)), (3.16)
where
2 . » , .
he(0) + ih,(0) = WWHW > alle .
Vn v=m+1
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Then since by the relation (3.2)

0 0 -1
§ fvefz(n+l+2v)0 _ ez(n+1)0 § : Oﬂgﬁzefzwo
v=0 v=0

yi) (IEY), (c0s 0) + his(0)] + ilel? (0) + ho(0)]) "
_ 2 [E)(cos 0) + he(0)] — ifei (0) + he(0)]
W TED (cos 0) + hp(0)]F + (e () + ho(0))
and by (3.1)
vzf;ﬁe_i("+l+2")9 = yﬁ,_li)s " 1G(Q (cos 0) — lgir( f?/z) P%(cos (9)),

by comparing the imaginary parts, we have

2 “>(0)+he(9)
1 (B (005 0) + hip(0)) + (el (0) + ()

If we differentiate the above equation for 6, then

n  T'(22)
2T+ 1/2) 4§

n (2/1) L 2~1 i (%)
TG 1/2),05n 0 g5 (c0s0)

7
he) (B +he) + (e + he)’)

1
0] (22 — 1) sin** 20 cos 0P (cos 0)

2
= @K
— (e + h)REL + heVES) + he) + 2l + h!) (el + he))]
x ([EV), + hel + [l + he]?)

First, we estimate /g(0), h.(0), hg'(0), and h,/(0) . By (2.4) and (3.9)

2 - )
|he(0)] = 5 > o) sin(n+1-2v)0] = O(1) (3.17)
Vn' |v=m+1 ’
and similarly
2 | &
he ()] = 5 > ) cos(n+1—2v)0| = O(1). (3.18)
Vn' |v=m+1
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Now, we estimate |Aig'(6)| and |h/(6)| using the ideas of Ehrich’s paper [3]. For
|hg'(0)], we obtain

2 0
hi (0)] =3 E —oc‘()fﬁ(n—i— 1 —2v)sin(n+ 1 —2v)0’
Vn v=m+1

— erm,,(2v —1)sin(2v — 1)0

«
I

|
:3 [\S)
<M8

4 o0
< & vocﬁn)ﬂ » 8in 2vf cos 0| + Z vocm+v , €os 2v0 sin 0
n v=1 Vn v=1
m+\n Sln v — 1>0
Then we have by partial summation,
© )
Z vocfﬁv’n sin 2v0
v=1
K-1 0
= lim [; Vs — ( 1)“m+v+1n Z] sin 20 + Ko o, Z sin 20 | .

Here, we know that

zv: sin2uf| =
n=l1

cos 0 — cos(2v + 1)0‘ - 1

2sin 0 “sin 0
and we have by (3.3) and (3.9)
@ K o0 )
|KOCm+K nl < Z - ocm+vn Z m+vn - (n/ﬁl)
v=1 v=1
and
S0 )
|v‘xm+vn - (V + 1) m-H-H n‘

1

&S0 ) SN
yi A
< E V|t gy — (xm+v+l7n| + E : ‘am+v+1ﬂ|

v=1

A
= Z - “;(n-)rv,n + (K - m+Kn + Z m+v+1 n

v
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Therefore, we have for 0 <6<,

0 A—1
A . n-
E voc,(nzrm sin 2v0 Sm

v=1

Similarly, since

- sin(2v + 1)0 — sin 0 1
2ul| = <=
Z cos 2H 2sin 0 sin 0’
n=1
we have for 0<O<m,
0 A—1
y) n
‘,2:1 wx;im cos 2v0 sm

and by (3.9)

<nj.71'

~

Z oc,(ﬁm sin(2v — 1)0
v=1

Therefore, by (2.4) we have for 0<0<m,

‘

! <
he' (O)] 5 o

,

By the same reason as the above, we have for 0<f <,

2 = )
|k (cos 0)] =— Z ) (n+1—2v)cos(n+1—2v)0
Tn ) v=m+1
<
~sinf

Next, we obtain by (3.2), (3.7), and (3.16),

([EV (cos 0) + he(0)) + [l (0) + he(0)])/?

-1
E fvefi(n+1+2v)9
v=0

8

2

)
Vn )

2r(A+1/2)""
2I(A+1/2)
n (20

N
= 2sin'"%p ([Q,(f') (cos 0)]” + Fﬂ PP (cos 9)} )

= 2sin'*0D;1/%(0)

173

(3.19)

(3.20)
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so that we have by (3.8) for ¢nn<0\¢§f2,

([E,(H1 (cos 0) + hg(cos 0))* + [el”) (cos ) + h,(cos 0)]»)"/? ~n' "' *(cos 0).

Then by (3.14), (3.20), (3.18), (3.12), and (3.17), for u = 2,3, ...,

(e + he) [(ES), + he) + (e + he))(0),))]

< <0(n)—|—0( )#) [0(1) + (O(n'~*) sin'~ )G#nﬂ)z]

- sin GHH]
<O(n* =) sin®~ ”elmﬂ, (3.21)
by (2.13), (3.17), (2.24), (3.19), and (3.18),
|( A)+h)( +hE>( n+l+hE)(9,un+l>|
- — =2\ i l—Ap4 1
<O(n'*) sin' (9,”1+1 (O(n2 *) sin' A@LJ)H] +0(1) T)
S n
(3.22)

< 0(1’13722) Sll’l2 2/ Gu )l
and by (2.13), (3.17), (3.14), and (3.20),

(e + he) (el + ) (el + ) (03]

1
<O(n'~*)sin _‘Hﬂnﬂ (O(n) + O(1) —)> O(n'~*)sin'~ AGH el
sin 0%

pn+1

<O(m*~*)sin®> 9# - (3.23)

Therefore, we have from (3.21)—(3.23),

(el + h>[<E£11+hE> (el + he)?]
— (&P + h)R(ED + he")(ED, + he) + 20" + he) e + ho))|(05),,)
(3.24)

SO( 3—2/’») Sln2 Zigﬂ el
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Finally, since
g G S_ )/)s1 n*" 19;; (") (cos 0)
= 2[(e}” + he)'[( n+l+hE) + (e + he)’]
— () + h)2(E + he)E + he) +2(e)" + bY€) + he))]
x ([ES) + hel + [ + h]*) 2

n TI'(20)

T TEY s ) sin2h 2 pi)
2F(/1+1/2)(A ) sin“~ 6 cos 0P, (cos 0),

we have by (3.24), (3.8), and (7.33.5) in [23],

sin** =0 % P%(cos 0) et

<O(n*~*)sin* yeunﬂ x (O(n'")¢'~(cos 0M+1))_4
+ |sin*~ 29M+1 cos@ P (0056 n+1)|
<O 1?2 (cos Gun+1)+ O(n*~") " (cos G,EJA)1+1)

< O(n“*I)go” 2(cos QEIAZM)

so that we have for u = 2,3, ... n,

2/—-1 -1
) sn ¢ (COS 9[“1+])
0=0

pn+1

d
= p@)
’d@ v (cos 0)

Therefore, (3.15) is proved. [
Proof of Theorem 2.9. From (2.11) and (2.24), we have for u=1,2,...,n+ 1,

ECL (€001 0 (€0 )€ 1B (€D )l + 1)
<o 2N )W e THED ) + )
< 2ED ).
So, (2.26) is proved. Since by (3.13), (4.7.27), and (7.33.5) in [23], for v=1,2, ..., n,
L |4
sin g/ | d0

< n;»+l(p*(;»+2) (xv/n)

) o
IEV) (D PO (<)) < E%, (cos g1 ||PP" (x )]

y
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and by (3.15) and (2.24) for u=1,2,....,n+1,

1 d 2
— = PW(cos 0 )
2 n u,n+1
sin 0/37,)”1 do

VA A
BV ED PP ED OIS ESEDL )

<l HED ),

we have forv=1,2,...,2n+ 1,

_ 2

EC 00, 0P 0, )l 0 o D00, ). (3.25)
Finally, since by (2.12), (3.11), (3.25) and (7.33.5) in [23],

|J (yv2n+1)|< ¢ (y52n+l)| n+1 (yv2n+1)||P (yv2>n+1)|

+ 10, PP 0, )]
<7 0 5)
and from (2.18),
) 2, 0 P 2 2

E3 ) 08, ) S 0208, D UESL 00,0l + 0,01,
we have by (2.25),

F (4) < i —2—5 ()

| 2n+1 (yv,2n+1)| sn Qe (yv,2n+1)~

Therefore, (2.27) is proved. [
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